
1
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M
a
th
e
m
a
tic
a
l
d
e
sc
r
ip
tio
n

U
niform
transm
.
lines:
dim
ensions
and
el.
prop
erties
are
identical

at
all
planes
transverse
to
the
direction
of
propagation.

L
ength
of
the
transm
.
line
n
e
e
d
n
o
t
b
e
negligible
com
pared

to
the
w
avelength.
E
xtension
of
a.c.
circuit
theory
to
D
IS
-

T
R
IB
U
T
E
D
circuits.

D
e�
ne
resistance,
conductance,
inductance
and
capacitance
p
er

unit
length:
R

0;
G

0;
L

0;
C

0

for
uniform
transm
.
line.

E
xplain
di�
erence
b
etw
een
R

0

and
G

0

�
�
�
�

M
icro
w
a
v
e
C
ircu
it
D
esig
n
I

c
B
.
P
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o
v
ic

1
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T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

�
R

0

related
to
dim
ensions
and
conductivity
of
(m
etallic)
con-

ductors

�
G

0

related
to
loss
tangent
of
the
insulating
m
aterial
b
etw
een

�
L

0

related
to
m
agnetic

ux
linking
the
conductors

�
C

0

related
to
charge
on
conductors

F
ig.
3-1
(analogy
to
tw
in
lead
or
coax)

�
z
represents
a
\sm
all"
section
of
the
transm
.
line
|

sm
all
is

relative
to
the
w
avelength

�
�
�
�

M
icro
w
a
v
e
C
ircu
it
D
esig
n
I

c
B
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o
v
ic

2

��



T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

K
ircho�
's
law
s
for
V
and
I
for
a
sm
all
segm
ent
(sketch)

V
=
(R

0�
z)I
+
(L

0�
z) @
I@

t
+
(V
+
�
V
)

(1)

I
=
(I
+
�
I
)
+
(V
+
�
V
)(G

0�
z
)
+
(C

0�
z) @
(V
+
�
V
)

@
t

(2)

division
by
�
z
gives:

V
�
(V
+
�
V
)

�
z

=
R

0I
+
L

0 @
I@

t

(3)

I�
(I
+
�
I
)

�
z

=
(V
+
�
V
)G

0+
C

0 @
(V
+
�
V
)

@
t

(4)

�
�
�
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T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

T
aking
the
lim
it
�
z!
0
gives:

�
@
V@

z
=
R

0I
+
L

0 @
I@

t
and
�
@
I

@
z
=
V
G

0+
C

0 @
V@

t

(5)

A
nalogous
to
the
eqs.
w
e
had
for
E
and
H
.
C
om
bining
produces:

@
2V

@
z
2
=
L

0C
0 @
2V

@
t
2
+
(R

0C
0+

G
0L
0) @
V@

t
+
R

0G
0V

(6)

and
sim
ilar
for
I.

F
or
p
erfect
conductor
R

0=
0,
p
erfect
insulator
G

0=
0

�
�
�
�

M
icro
w
a
v
e
C
ircu
it
D
esig
n
I

c
B
.
P
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o
v
ic

4

��



T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

@
2V

@
z
2
=
L

0C
0 @
2V

@
t
2

and
@
2I

@
z
2
=
L

0C
0 @
2I

@
t
2

(7)

T
hese
are
w
a
v
e
e
q
s
and
their
solutions
are
\E
M
w
ave"-like
,

traveling
along
b
oth
directions.
B
oth
current
and
voltage
w
aves.

In
general
solutions
w
ill
satisfy
f
(t�
p

L
0C
0z)
.

L
ook
at
f
(z
=
0)
=
f
(t)
=
V
and
at
another
z
=
z
1
w
here

V
=
f
(t�
p

L
0C
0z

1 ).
B
y
the
tim
e
t
=
p

L
0C
0z

1
the
value
inside

()
is
the
sam
e
as
for
z
=
0
)
only
di�
erence
is
tim
e
delay
of

p
L
0C
0z

1 .

�
�
�
�
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T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

T
he
velocity
of
propagation
of
such
w
ave
is

v
=
z
1

t
d
=

z
1

z
1 p
L
0C
0

=

1
p

L
0C
0

(8)

N
ote
that
f
(t
+
p

L
0C
0z)
travels
in
negative
direction.

I
and
V
travel
w
ith
the
sam
e
velocity.

for
E
M
w
aves
w
e
found
that
E
/H
w
as
constant:
sam
e
here,
but

instead
of
�
w
e
have

C
H
A
R
A
C
T
E
R
IS
T
IC
IM
P
E
D
A
N
C
E
Z
0
=
VI

=
vuuuuut

L
0

C
0

(9)
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T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

1
.2

T
r
a
n
sie
n
t
b
e
h
a
v
io
r

C
harging
of
an
in�
nite
transm
ission
line.
(�
g.
3-2)

Idea
of
sequentialcurrent
increases,
capacitance
charging,
current

increase
etc.
Instantaneous
changes
im
p
ossible
due
to
L
and
C
.

V
and
I
generate
each
other
and
travel
w
ith
the
sam
e
velocity
v
.

L
ine
in�
nite)
only
+
directed
w
ave.
S
ince
V
/I
is
constant,
only

Z
0 (=
100

)
is
seen
at
all
tim
es.)
in�
nite
line
presents
Z
0
load

to
the
battery
and
it
keeps
draw
ing
current.

N
ote
that
the
steady
state
at
the
input
is
reach
im
m
ediately.

�
�
�
�
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icro
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v
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T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

F
inite
length:
op
en
circuit.
F
ig.
3-3.

A
t
t
=
0;V
=
10V
app
ears
at
input
of
transm
.
line,
i.e.
line

b
ehaves
like
and
in
�
n
ite
line)
input
im
p
edance
=
Z
0
at
t
=
0.

Input
current
I
in

=
V
G
=(R
G

+
Z
0 )
=
20=200
=
0:1A
and
in-

put
voltage
V
in

=
10V
.
T
hese
stay
constant
until
later
(w
hen

re
ected
w
ave
arrives).

F
or
propagation
velocity
v
=
2�
10
8m
=s,
tim
e
it
takes
the
w
ave

to
get
to
the
end
is
t
=
l=v
=
4=2�10
8
=
20n
s.

F
ig.
3-3
a)
show
s
the
situation
at
half
the
tim
e
it
takes
to
travel

to
the
end,
and
3-3
b)
is
for
tim
e
just
b
efore
reaching
the
end.

�
�
�
�

M
icro
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T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

S
om
ething
m
ust
happ
en
at
the
end
of
the
line:

�
constant
ratio
V
+
=I
+
=
Z
0
m
ust
b
e
preserved
for
the
travel-

ing
w
ave

�
Z
=
1
since
the
end
is
op
en-circuited.

R
e
ection
of
traveling
w
aves
at
O
-C
m
akes
it
p
ossible
to
satisfy

b
oth
requirem
ents.

F
or
voltage
and
current
at
the
load
w
e
have
V
L
=
V
+
+
V
�
and

I
L

=
I
+�
I
�
.
S
ince
I
L

=
0)
I
+

=
I
�

and
V
�

=
I
�
Z
0
=

I
+
Z
0
=
V
+
.
F
inally,
V
L
=
2V
+
=
20V
.

D
e�
ne
re
ection
coe�
cient
�
=
V
�
=V
+
=
I
�
=I
+
and
is
=
1
for

O
-C
case.

�
�
�
�
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T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

C
urrent
b
ecom
es
zero
as
I
�

w
ave
returns
and
V
goes
to
20V
.

A
t
the
generator
end
V
�
=I
�

=
Z
0
=
100

is
the
sam
e
as
the

im
p
edance
of
the
generator,
so
no
need
for
additional
require-

m
ents
to
b
e
satis�
ed)
no
m
ore
re
ections.

R
esistive
term
ination

F
ig.
3-4.
part
a)
is
as
b
efore.
A
t
the
end
of
the
line
Z
0 6=
R
L

and
O
hm
's
law
is
not
satis�
ed
if
w
e
also
w
ant
to
keep
the
Z
0

constant.
S
olution:
re
ections
m
ust
occur
at
load
end.

V
L

=
V
+
+
V
�
;
I
L

=
I
+�
I
�

=
(V
+�
V
�
)=Z
0 .
O
hm
's
law

V
L
=
I
L R
L )

�
�
�
�

M
icrow
av
e
C
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it
D
esig
n
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c
B
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T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

R
L
=
V
+
+
V
�

V
+�
V
�
Z
0
=
1
+
�
L

1�
�
L
Z
0
or
�
L
=
R
L �
Z
0

R
L
+
Z
0

(10)

In
steady-state
transm
.
line
is
a
short
circuit.

A
nalogy
w
ith
�
for
T
E
M
w
aves
(=
(��
�
0 )=(�
+
�
0 ).

F
or
resistance
�
is
real
but
it
is
com
plex
for
other
term
inations.

�
=
1
for
O
-C
,
and
�
=
�
1
for
S
-C
(short
circuit).

F
or
R
L
=
Z
0
no
re
ections
occur
since
O
hm
s
law
is
autom
atically

satis�
ed.

�
�
�
�

M
icrow
av
e
C
ircu
it
D
esig
n
I

c
B
.
P
ejcin
ov
ic

1
1

��



T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

M
ultiple
re
ections

B
oth
R
L

and
R
G 6=
Z
0 !
see
F
ig.
3-5.

A
t
t=
0
generator
sees
Z
0
(as
b
efore))
I
+

=
90=300
=
0:3A

and
V
+
=
30V
.
R
L

has
no
in
uence.

A
fter
20ns
there
is
a
re
ection
on
load
end:
�
L
=
(25�
100)=125

=
�
0:6
resulting
in
V
�
=
V
+
�
=
�
18V
.

T
otal
voltage
V
to
ta
l
=
V
+
+
V
�

=
12V
.
S
im
ilarly
for
re
ected

and
totalcurrents
w
e
have
I
�
=
�
I
+
=
�
0:18A
and
I
to
t
=
I
L
=

0:3
+
0:18
=
0:48A

T
hese
tw
o
com
bined
w
aves
reach
source
end,
and
there
is
another

re
ection
(R
G 6=
Z
0 ):
�
G

=
(R
G �
Z
0 )=(R
G
+
Z
0 )
=
V
r
ef
l =V
in
c
=

I
r
ef
l =I
in
c
=
1=3.

�
�
�
�

M
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e
C
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T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

T
o
�
nd
the
re
ected
part
V
r
ef
=
�
G
V
�
=
�
6V
;
etc.

N
ow
the
incident
(incom
ing)
w
ave
is
V
�

=
�
18V
w
hich
gives

V
r
ef
=
�
6V
and
new
total
voltage
V
to
t
=
12�
6
=
6V

A
nother
re
ection
at
the
load
end,
this
tim
e
the
incident
w
ave

is�
6V
so
that
V
r
ef
=
�
6�
(�
0:6)
=
3:6V
for
the
new
V
to
t
=

6
+
3:6
=
9:6V
.

A
m
plitudes
of
re
ected
w
aves
get
sm
aller
w
ith
each
re
ection

(w
hy?).

F
inald.c.
value
V
=
90�
R
L =(R
G
+
R
L )
=
10V
.
F
ig.
3-6
show
s

the
tim
e
evolution
of
the
input
voltage.

�
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�
�
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T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

B
ew
ley's
diagram
:
voltage
and
current
as
functions
of
tim
e
and

p
osition.
F
ig.
3-7.
C
onstruct
constant
z
diagram
or
�
nd
value
of

V
or
I
for
�
xed
t.

F
or
�
xed
z
(=
2m
)
intersections
represent
arrivals
of
w
ave
fronts;

voltages
sum
m
ed
up;
forw
ard
current
w
aves
added
but
re
ected

ones
subtracted.

F
ixed
t:
sum
of
voltages
at
any
z
ab
ove
the
line
gives
V
variation

w
ith
z
(sam
e
for
I)

R
inging
occurs:
p
eriod
T
=
80ns
(2
x
round
trip)
or
f
=
1=T
=

12:5M
H
z.
F
or
v
=
2�10
8)
�
f
=
v
and
�
=
16m
or
l
=
�
=4.

Interesting
result:
d.c.
source
produces
high
frequency
oscilla-

tions.
If
b
oth
�
-s
w
ere
unity)
continuous
oscillations,
i.e.
res-

onant
circuit.

�
�
�
�
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T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

1
.3

S
in
u
so
id
a
l
e
x
c
ita
tio
n

E
quations
b
ecom
e
(using
phasor
notation):

�
d
^V

d
z
=
(R

0+
j!
L

0) ^I
=
Z

0^I

(11)

�
d
I

d
z
=
(G

0+
j!
C

0)
^V
=
Y

0^V

(12)

A
s
for
E
M
w
aves
these
are
com
bined:

d
2
^V

d
z
2
=
Z

0Y
0^V
)
^V
=
^V
+0
e
�

z
+
^V
�0
e

z
=
V
+
+
V
�

(13)

A
s
b
efore,

is
(com
plex)
propagation
constant.


=
p

Z
0Y
0=
s(R

0+
j!
L
0)(G
0+
j!
C
0)

=
�
+
j�

(14)

�
�
�
�
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T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

F
or
current
w
e
have:

^I
=
^I
+0
e
�

z�
^I
�0
e
+

z
=
^I
+�
^I
�

(15)

C
haracteristic
im
p
edance
(voltage
to
current
ratio
fro
traveling

w
aves)

Z
0
=
V
+0

I
+0

=
V
�0

I
�0

=
vuuuuut

Z
0

Y
0

=
vuuuuut

R
0+
j!
L
0

G
0+
j!
C
0

(16)

V
oltages
and
currents
are
phasor
quantities
and
dep
end
on
con-

ditions
on
load
and
generator
end.

P
ow
er

ow
:
P
=
R
e(
^V
^I
�)
=
I
V
cos
�
p
f

E
xam
ple
3-1.

�
�
�
�
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T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

L
ow
-loss
lines

A
t
high
frequency:
R

0

<
<
!
L

0

and
G

0�
!
C

0.
A
lm
ost
alw
ays

true
in
M
W
range.

Z
0
=

vuuuuut
L
0

C
0 

;
�
�
R

0

2Z
0
+
G

0Z
0

2

N
p/length

(17)

�
�
! p
L
0C
0

v
=

1
p

L
0C
0

�
=

�
0

c p
L
0C
0

(18)

C
onclusions:

�
E
qs.
for
Z
0 ;v
;�
;��
the
sam
e
as
for
lossless
lines.

�
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�
�
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T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

�
S
ince
Z
0
is
practically
real,
the
average
p
ow
er

ow
in
a
tr
a
v
-

e
lin
g

w
ave
at
any
p
oint
z
is
product
of
rm
s
voltage
and

current
P
+
=
V
+
I
+
and
P
�
=
V
�
I
�
.

�
F
or
single
frequency
signals)
�
nite
R

0;G
0

introduce
attenu-

ation
on
propagating
w
aves
(e
�
�
�
z
for
p
ow
er
it's
square).

S
im
ilar
to
E
M
w
aves
in
lossy
dielectric.
R
eason:
there
is
a
w
ave

associated
w
ith
sinusoidal
w
aves
but
now
it
is
g
u
id
e
d
.

�
�
�
�
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T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

C
oaxial
transm
ission
lines

F
ig.
3-8
show
s
E
and
H
�
eld
distribution.

E
=

V
r
ln
ba

H
=

I
2�
r

(19)

A
verage
p
ow
er

ow
:

P
=

ZS
~E�
~H
�d~s

(20)

In
cylindrical
coordinates:
d~s
=
r
d
�
d
r
(d~s
is
elem
ent
norm
al

to
the
plane
of
pap
er,
i.e.
cross-sectional
area;
sketch)

P
=

Z
ba Z
2
�

0

V
I

2�
r
2 0B@ln
ba 1CA
�
1

r
d
�
d
r
=
V
I

(21)

(w
hy
these
lim
its?)
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T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

Interpretation:
p
ow
er

ow
associated
w
ith
the
voltage
and
current

w
aves
is
just
another
w
ay
of
view
ing
E
M
propagation
in
the
region

b
etw
een
conductors!

F
rom
early
on:
C
=
2�
�
0 �
r l=
ln
(b=a
).
D
ivide
by
l
to
get
C

0.

S
im
ilarly
L
=
�
0 �
r lln
(b=a
)=(2�
).

v
=

1
p

L
0C
0

=

1

p
�
0 �
r �
0 �
r
=

c
p

�
r �
r
(fam
iliar?)

(22)

Z
0
=

vuuuuut
L
0

C
0

=
vuuuut

�
0 �
r

4�
2�

r �
0
ln
ba

=
60 vuuuut
�
r

�
r
ln
ba

(23)
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T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

1
.4

T
e
r
m
in
a
te
d
tr
a
n
sm
.
lin
e
s

D
iscussion
of
various
loads
on
transm
.
lines.

A
lternative
view
:
tr.
line
term
inated
in
its
Z
0
has
no
re
ections

|

based
on
in�
nite
line
picture.
C
onclusion:
line
term
inated
in

its
Z
0
is
equivalent
to
in�
nitely
long
line
and
has
no
re
ections.

Input
im
p
edance
=
Z
0 .

F
ig.
3{9,
^V

in ;
^Iin
at
p
oint
z=
0:

^V
in
=

Z
0

Z
G
+
Z
0

^VG

^I
=

^V
G

Z
G
+
Z
0

(24)

N
o
re
ections
present)
^V

in
=
^V
+0
;
^Iin
=
^I
+0
.

�
�
�
�

M
icrow
av
e
C
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it
D
esig
n
I

c
B
.
P
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ic
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T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

^V
;
^I
still
vary
along
the
line:

^V
=
^V
+0
e
�

z

^I
=
^I
+0
e
�

z

(25)

A
t
the
load
end
this
gives
(z=
l):

^V
L
=

Z
0

Z
G
+
Z
0

^V
G
e
�
�
l6�
�
l
^IL
=

^V
G

Z
G
+
Z
0 e

�
�
l6�
�
l
(26)

W
hat's
the
p
ow
er
absorb
ed
by
load?
P
L

=
V
L I
L

(rm
s
values)

since
Z
0
is
real.

P
L
=
Z
0 �������
V
G

Z
G
+
Z
0 ������� 2
e
�
2
�
l

(27)

m
agnitude
needed
since
Z
G

m
ay
b
e
com
plex

�
�
�
�

M
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T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

G
eneral
case
(w
ith
re
ections)

If
Z
L 6=
Z
0 )
re
ections.
S
tarting
p
oint
is

^V
=
^V
+0
e
�

z+
^V
�0
e
+

z
=
^V
+
+
^V
�

^I
=
^I
+0
e
�

z�
^I
�0
e
+

z(28)

R
e
ection
coe�
.
�
w
as
de�
ned
only
at
the
load
or
generator
end

|

no
need
for
such
a
restriction)
de�
ne
it
anyw
here
on
line:

�
(z
)
=

re
.
V
or
I

incident
V
or
I
=
^V
�

^V
+

=
^I
�

^I
+

(29)

A
t
load
end
w
e
have:

�
L
=

^V
�0
e

l

^V
+0
e
�

l
=
^V
�0

^V
+0
e
2

l

(30)

�
�
�
�

M
icrow
av
e
C
ircu
it
D
esig
n
I

c
B
.
P
ejcin
ov
ic

2
3

��



T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

F
or
convenience:
transform
coordinated
so
that
zero
is
at
load

end
and
+

direction
is
to
w
a
r
d
s
generator
(F
ig.
3{10).
N
ew

coordinate:
d=
l-z
.

V
oltage
w
ave
som
ew
here
on
the
tr.
line:

^V
=
V
+0
e
�

l 26666664
e

d

|{z}

gen.!
load

+

�
L e
�

d

|
{z
}

load
!
gen. 37777775

(31)

^I
=
^I
+0
e
�

l "e

l�
�
L e
�

d #

(32)

�
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�
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T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

�
at
any
p
oint
is:

�
=
�
L e
�
2

d
=
�
L e
�
2
�
d
6�
2�
d
=
j�
L je
�
2
�
d
6
(�
L �
2�
d
)(33)

Interpretation:
Input
w
ave
attenuated
by
e
�
�
d
on
the
w
ay
to
load;

phase
shifted
by�
�
l.
A
fter
re
ection
attenuated
by
another
e
�
d

)
total=
e
�
2
�
d.
O
nly
a
fraction
re
ected,
as
determ
ined
by
�
L .

O
n
input
term
inals
the
m
ag.
of
re
.
w
ave
isj�
L je
�
2
�
l.
P
hase

shift
=
�
2�
l,
but
�
L

adds
its
ow
n)
total
=
�
L �
2�
l.

F
or
�
=
0;j�jis
indep
endent
of
d,but
phase
angle
is
stillfunction

of
d.

�
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�
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T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

d
=
0)
^V

L
=
^V
+0
e
�

l[1
+
�
L ]
^IL
=
^I
+0
e
�

l[1�
�
L ]
(34)

)
Z
L
=
^V

L
^IL
=
Z
0 1
+
�
L

1�
�
L

or
Z
L

Z
0
=
�Z

L
=
1
+
�
L

1�
�
L

(35)

�
L
=
Z
L �
Z
0

Z
L
+
Z
0
=

�Z
L �
1

�Z
L
+
1
also
�
L
=
1�
�Y

L

1
+
�Y

L

(36)

w
here
Y
L
=
1=Z
L

A
nalogous
to
equations
in
transient
case.
D
i�
erence
is
in
steady

state
a.c.
analysis)
valid
for
any
com
plex
load.
A
lso,
m
erger

of
a.c.
circuit
theory
(im
p
edance)
and
w
ave
theory
(re
.
coe�
-

cient).
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T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

E
xtend
the
concept
to
any
p
oint
on
the
tr.
line:

Z
=
^V^I

=
Z
0 1
+
�
(d
)

1�
�
(d
)
and
Y
=
Y
0 1�
�
(d
)

1
+
�
(d
)

(37)

R
epresents
total
Z
or
Y
to
the
right
of
p
oint
d.

R
e
ection
m
eans
standing
w
aves.
W
hen
Z
L 6=
Z
0 )
�
L 6=
0
and

standing
w
aves
exist.

T
ake
the
short
circuit
(S
-C
)
load:
sam
e
as
w
ave
re
ection
of

p
erfect
conductor.
see
�
g.
2{24,
2{25.
S
uccessive
m
inim
a
are

�
=2
apart,
I
shifted
by
�
=4
relative
to
V
.

�
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T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

G
eneral
case:
^V
is
sum
of
phasor
quantities
^V
+
+
^V
�
.

L
ossless
case:
tw
o
counter-rotating
vectors
of
�
xed
m
agnitude

(�
g.
2{28).
W
hen
in
phase!
m
axim
um

V
m
a
x
=
V
+
+
j�jV
+
=
(1
+
j�j)V
+

(38)

�
=4
aw
ay
there
is
a
m
inim
um
(phasors
180
�
out
of
phase)

V
m
in
=
V
+�
j�jV
+
=
(1�
j�j)V
+

(39)

S
tanding
w
ave
ratio

S
W
R
=
V
m
a
x

V
m
in

=
1
+
j�j

1�
j�j
and
j�j
=

S
W
R
�
1

S
W
R
+
1

(40)
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T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

F
or
lossless
line
S
W
R
=
const.,
but
not
otherw
ise
(not
useful).

exam
ple
3.2

S
p
ecial
C
ases

A
)
S
hort
circuit:
Z
L

=
0)
�
L

=
�
1;
S
W
R
=
1
.
A
t
d=
0

(z=
l)
V
=
0;
other
nulls
occur
at
m
ultiple
of
�
=2.

I
is
m
axim
um
at
the
load
(d=
0),
its
rm
s
value
is
2I
+0
.

S
ince
V
and
I
are
displace
by
�
=4,
at
d
=
�
=4,
w
e
have
Z
!
1
,

i.e.
short
circuit
is
transform
ed
into
op
en
circuit
!!!

B
)
O
p
en
circuit:
Y
L

=
0;
�
L

=
1;
S
W
R
=
1
.
S
ee
�
g.
3{11

for
standing
w
aves.
A
t
d=
0,
I=
0;
V
m
a
x
=
2V
+0

and
at
d
=
�
=4

w
e
have
Z
=
0,
i.e.
O
-C
b
ecom
es
S
-C
!!!

�
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T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

C
)
R
eactive
loads:

Z
L
=
jX
)
�
L
=
j
�X�
1

j
�X
+
1
=
1
6
��
2
arctan
�X

(41)

F
or
�X
=
+
1

|
{z
}

??

)
�
L
=
1
6
90
�;
for
�X
=
�
1

|
{z
}

??

)
�
L
=
1
6�
90
�.
In

either
casej�j
=
1;S
W
R
!
1
.

Interpret:
reactance
cannot
absorb
p
ow
er)
all
p
ow
er
in
inci-

dent
w
ave
m
ust
b
e
re
ected
(analogous
to
S
-C
and
O
-C
in
this

resp
ect).
C
onsequence:j�
L j
<
1
only
if
Z
L

has
a
resistive
com
-

p
onent.

F
ig.
3{12
for
S
W
pattern
(Z
L
=
jZ
0 );
�
rst
voltage
null
is
3�
=8

aw
ay
from
d=
0

�
�
�
�

M
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T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

D
)
R
esistive
loads:

�
L
=
R
L �
Z
0

R
L
+
Z
0 )
real

(42)

F
or
R
L
=
Z
0 )
no
re
ections.

F
or
R
L
>
Z
0 )
�
L
>
0,
V
m
a
x
and
I
m
in
are
at
the
load.
(w
hy?)

S
W
R
=
R
L =Z
0 .

F
or
R
L

<
Z
0 )
�
L

<
0,
and
V
m
in ;I
m
in

at
the
load.
S
W
R
=

Z
0 =R
L

S
W
R
=
R
L =Z
0
or
Z
0 =R
L

w
hichever
is
>
1.

j�
L j
<
1,
i.e.
som
e
p
ow
er
is
absorb
ed.

�
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�
�
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T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

1
.5

P
o
w
e
r

o
w

G
enerally
P
=
R
e(
^V
^I
�)
=
V
I
cos
�
p
f

D
irection
of

ow
from
generator
to
load
^V
=
^V
+0
e
�

z+
^V
�0
e

z
=

^V
+
(1
+
�
)
and
^I
=
^I
+�
^I
�
=
I
+
(1�
�
)

T
he
p
ow
er
b
ecom
es

P

=
R
e "(1
+
�
)(1�
�
)
�
^V
+
^I
+
� #

=
R
e 26664 (1
+
�
)(1�
�
�)
^V
+
V
+
�

Z
�0

37775

=
R
e 2664 (1
+
��
�
��
j�j+
2) jV
+j 2

Z
�0

3775

(43)

L
ow
-loss,
high
freq.)
Z
0
is
real)
��
�
�
is
im
aginary.

�
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T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

P
=
(1�
j�j 2)
jV
+
j 2

Z
0

=
(1�
j�j 2)P
+
=
P
+�
j�j 2P
+
=
P
+�
P
�

F
or
Z
0
real
net
p
ow
er

ow
at
any
p
oint
on
the
line
is
the
dif-

ference
b
etw
een
the
p
ow
er
in
the
fo
r
w
a
r
d
w
ave
P
+
and
in
the

r
e

e
c
te
d
w
ave
P
�
.
N
ote:
�
is
function
of
p
osition.

H
ow
ab
out
input
term
inals:

P
in
=
P
+in (1�
j�
in j 2)
P
L
=
P
+L
(1�
j�
L j 2)

(44)

R
em
em
b
er
that
+
and
-
signs
indicate
tr
a
v
e
lin
g
w
aves.

P
+in
=
(

m
a
g
n
:

z}|{
V
+0

)
2=Z

0 ;

P
+L

=
V
+
2

L

=Z
0
=
P
+in e
�
2
�
l

(45)

�
�
�
�
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T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

i.e.
incident
p
ow
er
at
the
load
is
input
p
ow
er
attenuated
along

the
line
of
length
l.
F
or
lo
ssle
ss
lines)
P
+in
=
P
+L

=
P
+

N
E
T
p
ow
er

ow
is
p
osition
dep
endent
and
w
e
need
to
determ
ine

P
+
at
any
p
oint.

F
or
real
Z
0 ,
^V
+
;
^I
+
are
in
p
h
a
se)
P
+
=
V
+
2

Z
0

=
V
+
2

0

e
�

2
�
z

Z
0

^V
+0

and
its
rm
s
value
V
+0

are
obtained
from
K
ircho�
's
law
s
at

input:^V
G

=
^V

in
+
^Iin Z

G

=
(
^V
+0

+
�
in
^V0
+

)
+
Z
G

^V
+0

�
�
in
^V
+0

Z
0

(46)
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T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

^V
+0

=

^V
G
Z
0

(Z
G
+
Z
0 )(1�
�
G
�
L e
�
2

l)

(47)

w
here
�
L
=
(Z
G �
Z
0 )=(Z
G
+
Z
0 )

G
iven
^V

G
;Z
G
;Z
L

(circuit)
and
Z
0 ;
;l
(line)
w
e
can
�
nd
V
+0
.

A
lternative
form
:

^V
+0

=

^V
G
(1�
�
G
)

2(1�
�
G
�
in )
=

^V
G
(1�
�
G
)

2(1�
�
G
�
L e
�
2

l)

(48)

W
ith
V
+0

know
n
P
can
b
e
determ
ined.
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T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

T
w
o
di�
erent
approaches:
a)
m
ultiple
re
ection,
b)
steady
state

a.c.
circuit.
W
hat's
the
relationship?

case
1)
E
ither
�
L

=

0
or
�
G

=

0
so
no
m
ultiple
re
ections

occur.
Initialforw
ard
traveling
w
ave
from
voltage
divider
Z
G
+
Z
0 ,

)
^V
+0

=
^V

G
Z
0 =(Z
G
+
Z
0 ).
S
am
e
as
in
eq.
(47).

case
2)
M
ultiple
re
ections.
^V
+0

represents
phasor
sum
of
all
the

forw
ard
traveling
w
aves
at
input
(z=
0).

Initial
w
ave:
^V
+0
(1)
=
^V

G
Z
0 =(Z
G
+
Z
0 )

2nd
one:
^V
+0
(2)
=
�
G
�
L e
�
2

l^V

G
Z
0 =(Z
G
+
Z
0 )

3rd
one:
^V
+0
(3)
=
(�
G
�
L e
�
2

l)
2
^V

G
Z
0 =(Z
G
+
Z
0 )

etc.
�
�
�
�

M
icrow
av
e
C
ircu
it
D
esig
n
I

c
B
.
P
ejcin
ov
ic

3
6

��



T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

F
inal
result
is
the
sum
of
all
of
the
ab
ove;
lim
it
of
the
series
is

(w
henj�
L �
G
e
�
2

lj
<
1)
is
(1�
�
L �
G
e
�
2

l)
�
1.
T
his
leads
to
the

sam
e
expression
as
in
a.c.
theory
(eq.
(47)).

B
ack
to
p
ow
er
calculation:
P
+

=
V
+
2

0

e
�
2
�
z=Z

0 .
N
ow
plug
in

expr.
for
V
+0

(eq.
48))

P
+
=
V
2G

4Z
0 �������

1�
�
G

1�
�
G
�
in ������� 2
e
�
2
�
z

(49)

so,
for
z=
0
w
e
have

P
+in
=
V
2G

4Z
0 ����������������

1�
�
G

1�
�
G

�
in

|{z}
=
�
L
e
�

2

l ���������������� 2

(50)
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T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

U
seful
concept:
available
p
ow
er
from
source
P
A

=
V
2G
=(4R
G
)

w
here
R
G

=
R
e(Z
G
)

P
+in
=
P
A

1�
j�
G j 2

j1�
�
G
�
in j 2

(51)

F
inally,
w
hat
is
the
N
E
T
input
p
ow
er?

P
in
=
P
+in (1�
j�
in j 2)
=
P
A
(1�
j�
G j 2)(1�
j�
in j 2)

j1�
�
G
�
in j

(52)

P
ow
er
deliver
to
the
load:

P
L
=
P
A
(1�
j�
G j 2)(1�
j�
L j 2)

j1�
�
G
�
L e
�
2

lj 2
e
�
2
�
l

(53)
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T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

or
for
lossless
line:

P
in
=
P
L
=
P
A
(1�
j�
G j 2)(1�
j�
L j 2)

j1�
�
G
�
L e
�
j2
�
lj 2

(54)

In
this
casej�
in j
=
j�
L j
then
�
in
=
�
L e
�
j2
�
l

A
ssum
e
that
the
input
is
m
atched
Z
G

=
Z
0
then
�
G

=
0
and
P
L

indep
endent
of
frequency
and
phase
angle
�
l
(
�
=
!
=v
).

T
herefore,
for
m
atched
input
^V
+0

=

^V
G
=2
and
P
+in

=

P
A

=

V
2G
=(4Z
0 )
so
that

P
in
=
P
A
(1�
j�
in j 2)
and
P
L
=
P
A
e
�
2
�
l(1�
j�
L j 2)

(55)
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T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

L
ossless
line,
generator
end
m
atched;
if
load
is
m
atched
as
w
ell

)
all
of
P
A

is
delivered
to
load
P
L
=
P
A
.

F
or
Z
G

6=
Z
0
it
d
o
e
s
n
o
t
fo
llo
w

that
m
atching
the
load
w
ill

produce
P
L
=
P
A

(see
eq.
54).
M
axim
izing
p
ow
er
transfer
m
ore

com
plicated.

E
xam
ple
3-3.

R
eturn
loss:
L
R

=
10
log(P
+
=P
�
)
dB
.
S
ince
P
�
=
j�j 2P
+

L
R

=
log
1

j�j 2
dB

(56)

F
or
lossless
line
L
R

is
the
sam
e
anyw
here
(i.e.j�j
is
indep
endent

of
p
osition).
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T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

L
ossy
line
m
eans
p
osition
dep
endent
L
R
,
but
it
is
easily
deter-

m
ined
from
j�j
=
j�
L je
�
2
�
d.
F
or
input
w
e
have
�
in
=
j�
L je
�
2
�
l

6
�
L �
2�
l
so
that
L
R
;in
=
L
R
;lo
a
d
+
2(8:686�
l)

R
e
ection
loss:
used
only
w
hen
Z
G

=
Z
0 .
M
easures
reduction
in

load
p
ow
er
due
to
m
ism
atch
of
load
im
p
edance
(Z
L 6=
Z
0 )

R
ef.
loss
=
10
log

=
P
A
e
�

2
�
l

z

}|

{

P
L (Z
L
=
Z
0 )

P
L (Z
L )

|
{z
}

=
P
A
e
�

2
�
l(1�
j�
L
j 2)

dB
=
10
log

1

1�
j�
L j 2
(57)

aka
m
ism
atch
loss.
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T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

1
.6

Im
p
e
d
a
n
c
e
tr
a
n
sfo
r
m
a
tio
n

R
eference
direction;
im
p
edance
anyw
here
on
line
replaces
every-

thing
to
the
right.

S
tarting
p
oint:

Z
=
Z
0 1
+
�

1�
�
=
Z
0 1
+
�
L e
�
2

d

1�
�
L e
�
2

d

(58)

A
fter
som
e
m
anipulation
(note:
bar
in,
e.g.
�Z
=
Z
=Z
0
is
for

norm
alized
values):

Z
=
Z
0 Z
L
+
Z
0
tan
h

d

Z
0
+
Z
L
tan
h

d
;

�Z
=

�Z
L
+
tan
h

d

1
+
�Z

L
tan
h

d

(59)
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T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

or
for
adm
itance

Y
=
Y
0 Y
L
+
Y
0
tan
h

d

Y
0
+
Y
L
tan
h

d
;

�Y
=

�Y
L
+
tan
h

d

1
+
�Y

L
tan
h

d

(60)

Input
im
p
edance:
set
d=
l;
w
hat
ab
out
d=
0?

If
�
is
neglected

Z
=
Z
0 Z
L
+
jZ
0
tan
�
d

Z
0
+
jZ
L
tan
�
d
;

�Z
=

�Z
L
+
j
tan
�
d

1
+
j
�Z

L
tan
�
d

(61)

and
equivalent
for
Y
-s

E
xam
ple
3-4.
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T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

D
ram
atic
changes
in
Z
;
standing
w
aves
are
the
cause.
N
o
S
W
)

no
im
p
edance
transform
ation
(Z
L
=
Z
0 )
Z
=
Z
0
anyw
here).

W
hat
happ
ens
at
L
F
?
l�
�
)
tan
�
l�
0
so
that
Z
=
Z
L

for

L
F
and
low
loss
line.

F
ixed
length)
freq.
dep
endence
of
Z
since
�
l
=
!
l=v
=
2�
l=�

E
xcellent
for
im
p
edance
transf.
but
bad
for
broadband
design!

�
=2
line:
l
=
n
�
=2
then
Z
in
=
Z
L

(substitute
�
l
=
n
�
into
eq.

59
).

Im
p
edance
rep
eats
itself
every
�
=2!!
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T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

T
ake
Z
G

=
Z
L ,
b
oth
real
(e.g.
20
O
hm
s).
T
r.
line
has
Z
0
=
100

O
hm
s
and
l
=
�
=2.
S
W
R
=
Z
0 =R
=
5
but
for
this
lenght
of
tr.

line
Z
in
=
Z
L
=
20
O
hm
s.
A
ll
available
p
ow
er
is
delivered
dow
n

the
lossless
line
to
Z
L .
D
espite
S
W

m
ax.
p
ow
er
is
delivered
to

the
load.

�
=4
line:
l
=
(2n�
1)�
=4.
H
ere
tan
�
l!
1
and
Z
in
=
Z
20 =Z

L

or
norm
alized
�Z

in
=
1=
�Z

L .

L
arge
Z
L !
sm
all
Z
in
and
inverse.

Inductive
Z
L !
capacitive
Z
in
(and
inverse)

If
Z
L

b
ehaves
as
a
series
resonant
circuit
Z
in
is
like
parallel
res.

circuit.
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T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

F
or
Z
L

real
it
b
ehaves
like
a
transform
er
w
ith
turns
ratio
n
t
=

5(=
S
W
R
)
for
Z
L
<
Z
0 .
B
ut
for
Z
L
>
Z
0 ;n
t
<
1.

U
seful
for
m
atching
a
resistive
load
to
generator
(to
deliver
all

available
p
ow
er).
F
or
Z
G

real,
Z
in
m
ust
b
e
real
and
Z
in
=
R
G

or

Z
0
=
p

R
G
R
L .

S
ince
line
is
assum
ed
lossless
all
p
ow
er
is
delivered
to
the
load.

P
roblem
:
w
orks
only
at
one
(narrow
range
of)
frequency.
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T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

S
hort
circuit:
obviously
Z
in
=
jX
in
=
jZ
0
tan
�
l.
S
ee
�
g.
3-14

F
or
�
l
<
�
=2
(or
l
<
�
=4)
Z
in
is
inductive.

L
eq
=
X
in =!
=
Z
0
tan
(�
l)=!
�
Z
0 l=v
=
L

0l

|

{z

}

for
l<
0
:08
�

(62)

note
that
L
eq
is
freq.
dep
endent.
T
hink
of
this
circuit
as
one
turn

of
a
coil
(L
).

N
ear
�
l
=

n
�
=2
and
odd
m
ultiples
S
-C
b
ehaves
like
parallel

resonant
circuit.

N
ear
�
l
=
n
�
S
-C
b
ehaves
like
a
series
resonant
circuit.
see
�
g.

3-15.
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T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

In�
nite
num
b
er
of
resonances.
N
ote
on
lenght:
go
for
the
shortest

one
...

O
p
en
circuit:use
adm
itances
Y
L
=
0
and
Y
in
=
jB
in
=
jY
0
tan
�
l

or
Z
in
=
�
jZ
0
cot
�
l.
F
ig.
3-16;

F
or
l
<
�
=4

C
eq
=
Y
0
tan
(�
l)=!
[F
]�
Y
0 l=v

|
{z
}

l<
0
:08
�

=
l=(Z
0 v
)
=
C

0l

(63)

again
it
is
freq.
dep
endent;
it
looks
like
a
parallel
plate
capacitor.

F
or
�
l
=
�
=
2�
l=�
(i.e.
l
=
�
=2)
w
e
have
Y
in
=
0
(O
-C
),
but

for
l
=
(2n�
1)�
=4,
Y
in
=
1
(S
-C
).
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T
r
a
n
sm
issio
n
lin
e
th
e
o
r
y

1)
near
�
l
=
(2n�
1)�
=2
O
-C
b
ehaves
like
series
resonant
circuit

2)
near
�
l
=
n
�
O
-C
looks
like
parallel
resonant
circuit.
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