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Components of Grover Loop

ne Oracle --
ne Hadamard Transforms --
"he Zero State Phase Shift --
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+ The work qubits are returned to their initial state,
so we will ignore them
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/

)= -7 .




Thisis a

The Quantum Oracle

how oracle
operates

+ If xis not asolution, the oracle does nothing
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+ If x is_a solution, the oracle qubit is flipped
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+ We can write both of these as
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Role of Oracle

* We want to encode input combination with

changed sign in a superposition of all
states.

* This is done by Oracle together with
Hadamards.

* We need a circuit to distinguish somehow
globally good and bad states.



Hadamard gate

* Remembering the Hadamard gate,
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A" Zero state phase shift

information
of oracle is

in the phase VA * N\ O .
but how to | x> ) ( — 1 ) ry | ]C) Flips the
read it? ‘ : data phase

* One way to implement Z:

This is just
an

example . : s -3
of a single ‘j{) : : : (—1){“"‘1*)

minterm,
but can be

any
function
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+ Flips the oracle qubit iff ‘1> = |O>



Zero state phase shift

Flips the
oracle bit
when all bits
are zero

This is state
of all zeros
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Z =2[0X0|-1

The matrix representation of Z

Rewriting matrix
Z to Dirac
notation, you
can change
phase globally



Here you have
This is a global ! : all components
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Generality

* Observe that a problem is described only
by Oracle.

* So by changing the Oracle you can have
your own quantum algorithm.

* You can still improve the Grover loop for
particular special cases



Grover iterate has

reeweean — (Grover Iterate ok i iver

in detail what the solution states
happens inside G.

' and (2) invert all
erT:rlznzir& lf[)s G- G — H Z H O states about the
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like circuits

* O: inverts the solution states

» HZH: invert all states about the mean
- H/ZH
H(2|0X0|-1)H

ot 2H|0XO|H — HIH

2‘!/,/ )(z// ‘— HIH

8 2‘1// ><1// |— [




Grover Iterate
HZH =2|y Xy |- 1
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Here we prove that used
inside HZH calculates the mean




Grover Iferafe oo

HZHM—@WXW\—[)Z a,|n)
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HZH: invert all states about the mean

: ) ) ) What does it mean invert all
This proof is easy and it only uses formalisms that states about the mean?
we already know.




Positive or
gative
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All possible states

+ The probability of measuring the marked
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Amplitudes of

Grover's Algorithm  Giuieron
G =H/ZHO

Amplitude
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This
value
based on
previous

slide « O: invert the solution state

« HZH: invert all states about the mean



Amplitude

Grover's Algorithm — [issies

mechanism

G = H/ZHO e

algorithms

+ The unmarked states decreased by a very

small amount

+ The marked state increased by O(ﬁ)
+ To get P(m) = O(l) e need to apply the

Grover iterate O(WN) times.



Amplitude

' . Additional
Grover's Algorithm crerciee

Exercise: Suppose we apply Grover's algorithm

to a 4 qubit register, assuming exactly one of

* | the states is marked.

“What is the probability of measuring the
marked state after applying the Grover iterate
0,123 times?

You can verify it also in simulation




How many Grover iterates do we heed?

* Initial amplitudes of the marked and = Herewe

calculate

unmarked states: e
4_ """"""""" l ................................................ R _ l when to stop

+ After inverting the marked state, the
average amplitude is

(N=Du_ —m_,

+ Completing the Gry iterate

L =2a +m

a, =

The equations
taken from the
previous slides
“Grover lterate”

‘ For marked state

For unmarked
state

U =2a —u




How many Grover iterates do we need?

»+ Substituting a; in gives
m, =2(1—)u,
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Generalizations of Grover's Algorithm

« What if we have more than one marked
state?

) 4 IN +..M: Number of solutions
{: — | Al | .
}T\ jw‘,..- M < N/2

- What if we use a different initial state?
+ The algorithm still works

« What if we alter the Grover iterate?
* The algorithm still works




Optimality of search algorithm

questions of the oracle
- The best you can do is O(N)

questions of the oracle
- The best you can do is O(:'\f N)




Summary

* Used to solve a problem that you don't
know much about:

- Unsorted databases

~ NP-complete problems

* Problems remain intractable
+ Square-root speed-up




